
30

(submatrix) for the rectangular array is either the shortest row or

column of apertures in the x—y plane (see Fig . 5). A recursion rela-

tion which uses this block—Toeplitz symmetry property (13] is used to

solve (15).

For uniformly spaced isosceles triangular arrays, equation (15)

is solved by Gaussian elimination and LU decomposition [14].

It should be mentioned that all three methods used in solving

the linear, rectangular, and triangular arrays solve (15) directly
wg hswithout computing the inverse matrix to [Y + Y 

~~
.

VI. SAMPLE COMPUTATIONS

A computer program using the formulas derived in the preceding

sections has been written. It is described and listed in a subsequent

report [151 . In this section we give some examples of the computations

that can be made using the general program.

Figure 6 shows the half—space admittance between two narrow slots

in echelon [Y~~] as the separation distance is varied while the angular

position is held fixed. This example tested the limiting expressions

derived in Section IV since for 0 = 0, (ii- cos 0 — k) = 0. Our compu-

tations are compared to those of Borgiotti [1].

Figure 7 shows the scattering parameter S12 (amplitude and phase)

for two slots as the angular position of one is varied with respect to

the other while the separation distance is held fixed. Our computations

are compared to those of Mailioux [3]. 
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Fig. 6. The half—space admittance between two narrow slots in echelon

[Y~~] where a ’/A — 0.5 and b’/A — 0.05. Our computed results

are compared to those calculated by Borgiotti [1).
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Figure 8 shows the half—space admittance between two slots in

echelon [ Y~~ ] as the separation distance is varied while the angular

position is held fixed . Three different slot size cases are shown .

Figure 9 is the same as Figure 8 except that the angular posi—

• 
‘ tion of one slot with respect to the other is varied while the separa—

• tion distance is held fixed.

Figure 10 shows the coupled power (20 log lS i1I )  and phase of

Si1
(i 2,3,..., 49) between a driven element and the other elements

of a 7 x 7 waveguide—fed aperture array with a rectangular lattice.

Figure 11 is the same as Figure 10 except that the lattIce is

now isosceles triangular.

VII. DISCUSSION AND CONCLUSION S

A method of computing the mutual coupling for an array of uni—

formly spaced rectangular waveguide—fed apertures radiating into a half—

space region has been developed. The array may have a rectangular lattice

or an isosceles triangular lattice. The formulation uses one expansion

function per aperture so as to be eff icient when relatively large numbers

of apertures are concerned.

For calculating the half—space self admittance for a single

aperture an eight—point Gaussian quadrature numerical integration [16]

is performed on the single integrals in (68). The same method of solu—

tion is used for calculating the half—space mutual admittance for aper—

tures which are close together (centers of any two given apertures are

separated by less than 4a’). For greater aperture separations a six

~
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-
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Fig. 8. The half—space admittance between two slots in echelon [Y~~]

where A — (a’/X — 1.0000, b’/X — 0.4761), B — (a ’/A = 0.7500,

b ’I X  — 0.3571), and C = (a ’/ X  0.5000 , b ’ / A  = 0.2381).
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Fig. 9. The half—space admittance between two slots in echelon
• 

[Y~~J where S/A 1.3, A = (a ’/A  = 1.00, b’/A = 0.4761),

B — (a ’/A — 0.7500, b ’/A = 0.3571), and C — (a ’/A = 0.5000,

b’/X — 0,2381).



- — -— -~~~~ — - - - - - -~~~~~F -

37

-l
%O I

— I N a )
$4

.
~ ~~~~0.
-rI O a) -

11

I I I I - i i  I I a) a) a)I I
~

I I
~

I I~I I
~

I I~i I~I I ~. .< 1-i $4

it ‘
~ 

Ii t Cfl iii 
~~~ 

I$i 
• 

Iii • .0) 1i1 .(‘.I ~ ‘~~ 4.1 0)
it U) ~~ HI (Ø7 .  jI~ COO III C) C’) III ~~ CO HI LflO HI LO C%J II ~ .. w
Ii IOCO 

~ Cf III 
L . .  

III I I I 
COCO 

~ 
Cf III - Cf~ ~i ~

. 
~~

I~, .1 1 III 
_____________ 

Iii 1 
~I I I I I I I I U t ~~~~.e ‘l

_ _ _  
I1

-
~ -v - -~i~ a)I I I I I ~~i i I I 0’ N ‘4-4

II III i ll I II I II I II I II II .~ 0

II C\I I~I ~~ ~~ iii ~~ Ii i ~ hI — Ii i 
~~

‘ 

~~ 
Iii ‘-~ ~._ i~ ~ a)

II (‘.10) (II cn co iii LOIS Iii co~- HI air— III —~o III c’-s cv, It 
~

‘i 
LOW 

t~I III III 
iN CO .-. 

i’i 
CO .-’ IIhi 

_____________ 
iii 

_____________ 
iii 

_____________ 
ii 

_____________ 
iii 

_____________ 
ill 

_____________ 
III II 0 ~I I I I I I i ,-.0 ~ a)

0’ 
1-i 4.1F- 1’ ~ 1’ ~ 

-
~ • a)

II Ii i I ~~i i~ 111 t~~ : —~ 
-
~~

~I ‘~‘ Iji 1~~ 1
~

i °‘ Iii —‘ Ii i I “' iii CO 
~ 

U) i . 
H

II i.-. ~ itt ~~~ III ~~~ III iii Ii ‘~ 
.~~ :i~ 

‘~ ill ‘~~ III I?~~ III ~~~ i~i 
LO IS LI)— (0 —. a) ‘-4 1-’

Ii I i’i 
____________ 

~ ~l .,_
~ ~~ a)

I I I I I L_ _~~ I I I 1~
a) 

1-4
_ _ _  

IF- II- 11 Cl) ~ in I)
I I I I I I -

~~
-- i I  I 0 .0

I , ill lii lit iii ill III II 0) E

~~ tji ° Iji Lfl~~ Ig i LI) Iji CO I~i CO I
~
i CO 0 0

II (‘30 UI 1fl~~ III U C V ) HI r- Ls, III c C )  III ] ‘N III C) .-’ fl 4J 
U

Ii 
~~~ iii ~~~ ~Ij ~~~ II, ~~~ ~I, ~~~ ill “ ‘  III ~~~~ ii ~ CO •-< a)I I I  I I  I 

i 
I I  

~ ~ ~— ~li t I~i i~i ill III I ll _____________ 

0.. ~~~~ 0

-u
_ _ _  

ir II 1~~

- 

I I I I I I~~~~~~] II  I I ~0 CO 1.4

II I II III iii lii Iii I I I
0) 

~ ~ J~I 0) I~I If) CS J~I J 
0) Jj I ~ I~ .~ rj ’ 

~
.

II 01(0 III 00 Iii —. (0 III C’.i~~’ Iii (‘i ll) i i i l c  iii c~ cr P C l ) a )  ~
~~~~~~ 

~~~~~

‘ 
~~~~ i~t 

~~Ui ~~N “L~ 
~ TCf ii — 1-1 

.<
I 

______ 
I I  

______ 
I I  

______ 
ii 

______ 
I I  

______ 
I I  

______ 
I I  

______ 
i~ ~ ~ —

I I I I I I I I 0
I- ’ •~~ ~~~

_ _ _  

j F II— II— 11
~ 

ii— 
1’ o ii -~~I I I I I~~ I i  I i c—.i ~II II ii i~i I i  i~i I~ ~~ ..—< $4

ii 0 CO — l~t r— 
~, 

f
~
t C’~ iii 

~ ~~, 
ill C’.’ i~ 14 (0 14 ~ii r-.sn iii ur— iii u~~ III c~ c.i tiI I~~- .-. ill c’~-. III cto ii aI~ ~~~~~ C’3 .-. 

~ ~‘3(’3 (‘~~~ ii i IC’ ” ’
~ iii ~~~ III (‘iN III I  I I  I I I  ~~~I I I I I  

~~~ 
,..

~ 
.
~~II 

___________ 
III 

__________ 
III 

__________ 
III 

__________ 
I~i L I~I __________ 

i1t a) N 4)
I I I I I I I I u 14 1fl ’-4

a) ~ m P.r IF- IF- jV -~T 11 ‘;;-
~. ~4:~ i i ~:i 1:1 t ,._.

~t I ~~ iii °‘~~
, Iii ° Iii ‘ — Iii 

~, 
I
~

t (0 I
~
i 

~~~~~ 
I~ 

~‘ ~~ ,.< .~~

lI on— III —-. 111 0~~ III NO) ill (‘1(0 III (0€’ ) hIi~~~~~~~ II

~~ L~ ~~ 
~~~~ 

“ 
“~‘~~‘ 

“ ~~~~ ~~ .0 0

t~ ~~~~~~ ~~~ .~~ -. .- -~~~ .- ..-. ~~~~~ ~~~~~~~~~~~~ .-~~
-. .-~~-.

0O
r34 

-~~~~-- -——~~~~~~-— ---~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



38

1-4
4)

(0 .1~4
I I 

~I I~ I 4) .~~ ,-4
Ii II I I I i i~ •

~~ • Q  ‘.4
II~~~~ ~i I I~~~~~(ft II II •O) iI

~:-~.=5~l ~
9) I -~~~~~~~~~~ 1i ~~~ h t - ~-~~~ I ~~~ ~~~~~~~~~

I~ 
___________ 

~I I~ 
‘ 

~I ‘ ‘  ~I 1 0 “
~

(‘.1 I~ 0 II - II — II II U 0) CO
ii ~~~~~ a~~ i~~~~-~~~~ l N~~~ i =..~ 4 u~~ ~i ..< ~~

I iI~ II I I II, ,Ii $ I~ j  ,Il I I 
~ a)II iI Ill ii ‘Ii -~ ‘ I ‘Ii ,I

I ~I C’) I( ~I — ‘tI I LI) ‘I $4 1.3

I~~-~-c€ ~ o.’ 
~~~~~~~~~~~~ I 

~~~~~~~~~~~~~~~~~~~ 
to

0) ____________ 
III Lr) 1 1~ 

____________ 0 
~
t L ‘

~ 
‘ ‘

~~:~ i~~~~~-~~~~~t ~ r- i~~~~ -~~~~ I ;;~c~ I :-i -~~~~t J c\I c).1 
~ 

I~ Ii s—s

1 I I 
I
I: 

I 

~ iii li~ ~ ~~
.. 

-..
~ ~~

-

• hi1~
[i

~ ~~~~~~~~~~~~~~~~~~~~~~ ~: i ~ii 0) l~ ~I 
IS _____ N Ii C’) 

~~ 4) 14

_ _ _  _ _ _  _ _ _  

II 
4-1I i lI~ tI~ i tI~ ~ll I I ~I ‘.4 ,. ‘ ~~ ‘—II~ 

_____________ 

~I I~ 
_____________ 

I
I 

~i _____________ 
II 1i a)

i~ II — II II ~° ii ‘ ‘.‘ ‘ ‘u o)
I~~~ -c-~~~I o ~~~~~~~~~~~~~~ a~~ i~~~~~~ -~~~~~~ l r- r,a iI~~~—c-€~~I 11 1 1 1 1  It i~~~~~~~~~~iI 11 1 1 1 1  I

I
I ~I I~ ~I h ,l I 0 ~ 0 ‘—4

~~~ 

Iii — ho $1) ~ ~Ji 0 I; H:: ~~ fr ~~~ _ _ _  

i~~ :-c€4 H

I III 
I I 

I
I
I i

l
l 

‘ i~ 
I I 0.

i II — II o l~ ii ‘U ____________ CO

_ _ _  

c~~ i~~~~~~€4 .-.
~~~~ ~ C~~~ i 0)0) 4~~.c€~i ~ 

. ‘ ‘

I Ii I I ii It I II Ii i II I ~~
s C) ‘ . a)I II ii II II Ii II I — 0 14I 

____  
I I 

____  
I’ I 

____  
I I -~ ~ii — II I, ~n II — ii II ‘ II -rI 0 0.

II i :~~-~~$ i~~~~~-:-~~~1I I~~~~~~~€~~ i c~~ ft ‘~ 4 -~II I I Ii
~ ~

ll I dl ~
II I 1~ ~Ii I I II 00 (0 iF~ ,—4II 

____________ 

ji Ii 
____________ 

11 I~ ___________ ~I 1 I~ 
I 

~ C”I II (‘1 II II 0 II II I r~— __________ I ‘—4 5

_ _ _  ~~ 4~~- -c€4 ~~~ 
I : -~~~~~~1t~~~~~~

_ l~~-:-c€~ I
I It ii II I II Ii I I it I a)
I~ 

I~, ~
I I(, I I I

I, I .t’ Ii ~~~ ~~ 
—
~~IS ‘Ii U) II’ ‘II N 

~~ 
L_~~~ ‘II 

~
.‘ Ii ~ 

4-’

Ii ~~~ -4~ -:-c€~~, v-, iI~~~~~~
-
~~
-
~~~~i 4~ -~-c~~~i a

I , II
, III II~ $

11 It
~ 1 1 

~~ a)
~I ii II ii II it I t~ ii $4 ..O to
I II 15 I~ ~t 

0) II Ii 0 ‘ i i  I U F-. 4)
L I ~~0 L I - L I • L j
1~~~~~~~i1I ~~~ I -C€ jli ~~~ i~~~~~CE 9~t ~~~ II~~~~~

-
~~E~~I ~~

- 

~~I —
~~~~i I f  l i ii it l t i ~ ii i 0 0 .  1 4 4 )

II I
I
I 

____________ 
1
1

I i
,
~ ___________ 

I
i
i I~ 

___________ 
11l z~ 

II U CO U

:1 ~‘. :~~~-~~: ~~~ ~~ =-~
-
~~~~: ~~~~ ~~ =- .-~~~~: ~~~

L:J LL:~.J 1L~~~1.J:

_ _ _ _ _ _  
____________ —

— - 

~~~~~~~~~~~~ ~~~
- -

~~~~~~~



—~ - -----— -----~~~~~~~~~~~~~~~---- ------ -- --_- --- 

39

point double numerical integration (six points in each variable for

a total of 36 points) is performed on the double integrals in (59).

It was found that for apertures which are close together, the

solution involving the single integrals of (68) was both more accurate

and efficient than the solution involving the double integrals of (59)

(an eight point single numerical integration versus a ten point double

numerical integration). As the separation distance between apertures

increased, the complexity of the solution involving single integrals,

specifically, the number of required subdivisions, was not necessary

and the solution involving double integrals proved just as accurate

and more eff icient (a four point single numerical integration ver sus

a six point double numerical integration).

For finding the unknown coefficient vector which is required

for determining the scattering matrix ES], the computer program uses

Zohar’s algorithm [11] for the linear array case and Sinnott’s algo—

rithm [13] for the rectangular array case. Both algorithms utilize

the Toeplitz symmetry properties of the admittance matrix [Y’~ +

Both algorithms are more efficient than inversion of [Y’~ + ~~~ or even

a Gaussian elimination—LU decomposition algorithm for large N. (Zohar’s

algorithm requires approximately 2N2 multiplications and divisions,

Sjnnott’s algorithm requires approximately (n+l)2N~ multiplications

and divisions where n+1 is the number of blocks of the block—Toeplitz
* admittance matrix and N~ is the dimension of a block , Gaussian elimination—LU

decomposition requires N3/3 multiplications and divisions, and a solution

involving inversion of [Y~~ + ~
hs

1 requires N
3 
multiplications and divisions

_
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for the inverse and another N
2 multiplications for f inding ~ given the

inverse.) In addition to the efficiency of Zohar’s and Sinnott’s algo-

rithms, the storage requirements are considerably less than Gaussian

elimination—LU decomposition or inversion. (Zohar’s algorithm requires

the storage of only one row of [Y~~ + ~
hs

1 while Sinnott ’s algorithm
wg hs

* requires storing one row of blocks of [Y + Y 1-)

If very large arrays are encountered, further simplification

of the program could be made by using the present formulation for aper-

tures which are close together) and using a far—field approximation where

the field is assumed constant over the aperture for the rest of the

apertures.

a 
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